
Figure 3: Polarimetric Uniform Linear Patch Array (PULPA) with
N = 8 patch sensors (TU-Ilmenau).

Figure 4: On the LHS, Polarimetric Uniform Circular Patch Array
(PUCPA) with N = 24 patch elements. On the RHS, Stack Polari-
metric Uniform Circular Patch Array (SPUCPA) withN = 24 patch
sensors. Courtesy of TU-Ilmenau.

3. REAL-WORLD ANTENNA ARRAYS

In this section, the fi ve real-world antenna arrays which have been
used for experimental results are described. The antennas were
designed for a center frequency f0 ∈ [5.2,5.4] GHz and have a
bandwidth of 120 MHz [8],[10]. The following four arrays were
provided by the Electronic Measurement Research Laboratory, TU-
Ilmenau, Germany.

In Fig 3, a Polarimetric Uniform Linear Patch Array (PULPA)
is depicted. This antenna has N = 8 patch sensors with a interele-
ment spacing d = 0.4943λ. Each element has one port for horizon-
tal and one port for vertical polarization.

In Fig. 4 (left), we show theN = 24 elements Polarimetric Uni-
form Circular Patch Array (PUCPA) and (right) the N = 96 ele-
ments Stack Polarimetric Uniform Circular Patch Array (SPUCPA).
The SPUCPA is comprised of 4 stacked rings of 24 polarimetric
patches. It has 192 output ports in total. The switch is arranged
inside the cylinder [8],[9].

On the left hand side of Fig. 5, the Uniform Circular Array
(UCA) with N = 16 conical elements is depicted. Examples of
sensors beampattern for this antenna array can be found in [5].

Finally, on the right hand side of Fig. 5, we show the Uni-
form Rectangular Patch Array (URPA) with N = 16 polarimetric
patch elements. The antenna was provided by the Radio Laboratory,
SMARAD CoE, Helsinki Univ. of Technology (HUT), Finland.

The goal of this paper is to study the statistical performance
of the recently proposed ES-root-MUSIC algorithm [1] using these
fi ve real-world antenna arrays. As we will see in Section 5, this
DoA estimation algorithm can be applied to different array confi g-
urations, and it achieves statistical performance close to the CRB.

4. ELEMENT-SPACE ROOT-MUSIC

Here we briefly present the ES-root-MUSIC algorithm. For more
details, see [1]. In particular, we focus on the advantages given by
this algorithm for implementation on real-world systems.

In order to remodel the steering vector of an arbitrary array, the
ES-root-MUSIC algorithm exploits the manifold separation tech-

Figure 5: On the LHS, Uniform Circular Array (UCA) withN = 16
conical sensors (TU-Ilmenau). On the RHS, Uniform Rectangular
Polarimetric Array (URPA) with N = 16 patch elements (HUT).
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Figure 6: Statistical performance of ES-root-MUSIC when used on
the PULA withN = 8 sensors andM = 55 selected modes.

nique [1],[6],[7]. In this way, the array steering vector can be ex-
pressed as the product of the characteristic array matrix (EADF)
and a vector with a Vandermonde structure containing the unknown
parameter. The ES-root-MUSIC allows azimuthal DoA estimation
of non-coherent sources at a fi xed elevation angle.

Combining eq. (1) and (4), we can rewrite the system model as

X = BS+N = GDS+N , (5)

whereD ∈ C
M×P is a matrix formed asD = [d(φ1), . . . ,d(φP )],

and φ1, . . . ,φP are the true DoAs of the P non-coherent sources.

Here,G ∈ C
N×M is the EADF matrix (characteristic matrix of the

array) defi ned as

G = [g0,g1, . . . ,gN−1]
T , (6)

where gn ∈ C
1×M (n = 0, . . . ,N − 1) is the EADF vector of the

n-th array sensor, computed by selecting theM modes of the IDFT
of the calibration measurements [1],[8],[9], see Section 2.1.

The element-space array covariance matrix can be expressed by

Rx = Es!sE
H
s +σ2ηEηE

H
η = GDRsD

H
G

H +σ2ηI , (7)

where I is the N ×N identity matrix, Rs is the P ×P signal co-
variance matrix, and Es and Eη span the N ×P signal and the
N × (N −P ) noise subspaces, respectively. The key idea used in
the derivation of the ES-root-MUSIC algorithm is that Es, B and
GD span the same subspace. Consequently, GD is orthogonal to
the noise subspace Eη [1].

Therefore, for a real-world array of arbitrary confi guration, we
can express the pseudo-spectrum of the ES-MUSIC algorithm as [1]

Smusic(φ) =
(
d

H(φ)GH
EηE

H
η Gd(φ)

)−1
, (8)


